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Motivations

There are intriguing relations between supergravity and super-Yang-Mills
amplitudes:

> COlOI‘-kinematiC duality [see talk by Bern at Nicolai-fest]
» structure in the 1/N-expansion

These give some support to the relation that SUGRA field theory amplitudes
can be presented as the square of SYM amplitudes

SUGRA ~ (SYM)? J
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SUGRA ~ (SYM)?

At tree-level the relation SUGRA ~ (SYM)? can be understood simply by the
use of the momentum kernel formalism (rav=:, reweiien, Tve

Bjerrum-Bohr, Damgaard, Feng, Sondergaard], Bjerrum-Bohr, Damgaard, Sondergaard, anhove]

Gravity Mi"¢ and Yang-Mills A"*¢ amplitudes are build from the same data

mlt{ee A;pin 1 ® S(ki . kj) ®Azpin 0
EIRZ“ _

AP @ S(k; - ki) ® Apin !

> Af,pin * are the color-stripped amplitudes for spin s = 1,0
» there are in the kernel of the momentum kernel

Z S[B|O—]Azpins(llc(2/'"/n_1)/”) =0, VB € 6”—2
0‘egnfz

> S(ki - k;) depends only the kinematics invariants
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SUGRA ~ (SYM)?

At tree-level the relation SUGRA ~ (SYM)? can be understood simply by the
use of the momentum kernel formalism -+

rum-Bohr, Damg

, Lewellen, Tye]l

aard, Feng, Sondergaard], Bjerrum-Bohr,

amgaard, Sondergaard, anhove]

Gravity "¢ and Yang-Mills 2¢¢ amplitudes are build from the same data

QIZree _ A;pin 1 ® S(ki . kj) ®Azpin 0
gRZree _ Azpin 1 ® S(ki X kj) ®Azpin 1
This implies the (zern-carrasco

-1 parametrization of the amplitudes

~vy
%[tree _ . g‘Dttree _ I’lyl’l
n 2 T .2’ n E H
ve rlree DCG'Y po( yertree OCE'YPOC

> T,: @ cubic graphs

» lorentz factor n,, and color factors cY
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 =2 @ 0, in the bosonic case propagate extra scalars

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

[Green, Russo, Vanhovel], [Elvang, Kiermaier, Freedman et al.], [Bossard, Stelle, Howe]
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 = 2 @ 0, in the bosonic case propagate extra scalars J

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

Green, Russo, anhove], [Elvang, Kiermaier, Freedman et al.], [Bossard, elle

The N = 8 supergravity multiplet is the tensor product of two N 4 SYM
gauge multiplets

3 1 1 1
21 2le. 1lag, = o= (1], = _ 1)1, =z _
(201, 2|s, |28, 2|56/ 070)n=8 = (11, 2|4, 06)n=4 ® (11, 2|4/0|6)N74

where we have indicated the SU(8) and SU(4) R-symmetry indices

The 70 scalars ¢’ of the supergravity multiplet parametrize the coset

E7(7)/(SU(8)/2Z5).
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 =2 @ 0, in the bosonic case propagate extra scalars

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

[Green, Russo, Vanhovel, [Elvang, Kiermaier, Freedman et al.], [Bossard, Stelle, H

In the case N = 4 SUGRA the gravity multiplet there is no unicity

3 1 1
(2|1/§|4/1|6/§|4/02)N:4 = (1|1/§|4/06)N:4®(1|1)N:0

1 1
= (1y, §|2,2 X 0lp)nv=2 ® (13, §|§,2 X 0l1)n=2

The 2 scalars ¢’ parametrize the coset SU(1,1)/U(1) J
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 =2 & 0, in the bosonic case propagate extra scalars

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

[Green, Russo, Vanhove], [Elvang, Kiermaier, Freedman et al.], [Bossard, Stelle,

Howe]

In this talk we will discuss the UV perturbative behaviour of N = 4 and N = §
supergravity and discuss

the role of supersymmetry in perturbative computation

the role of non-perturbative duality symmetries in string theory
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 = 2 & 0, in the bosonic case propagate extra scalars )

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

een, Russo, Vanhove], [Elvang, Kiermaier, Freedman et al.], [Bossard

, Stelle, owe]

There is no intellectual exercise that is not ultimately pointless
Jorge Luis Borges
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SUGRA ~ (SYM)?

At loop order this squaring relation require some care.

Since 1 ® 1 = 2 & 0, in the bosonic case propagate extra scalars )

In supergravity theories the scalars parametrize a moduli space G/H and the
invariant under the global symmetry G put strong constraints on the amplitudes

een, Russo, Vanhove], [Elvang, Kiermaier, Freedman et al.], [Bossard

, Stelle, owe]

There is no intellectual exercise that is not ultimately stringy
Jorge Luis Borges
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Part I
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Constraints from supersymmetry: N =4 SYM

» The case of N' = 4 super-Yang-Mills

1
8§=—5— Jd4xtr(F2) S
8ym

» Coupling constant dimensionless in D = 4

Half of supersymmetries are enough for finiteness of N = 4 SYM in D = 4J

[Mandelstam; Howe, Stelle, West; Brink, Lindgren, Nilsson]

» Four points amplitude behave as

QIA(t;DL) ~ A(D—4)L—4 tgF4

But this is not enough for understanding the correct critical ultraviolet be-
haviour in the single trace sector, and double trace sector of the 4-point am-
plitudes in dimensions 4 < D < 10

Berkovits, Green, Russo, Vanhove], [Bern et al.
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Constraints from supersymmetry: N =4 SYM

[5214(&)] — AD—4)L—4-2v, 32v1 tgtrF4 + AD—4L—4-2p, 528 tg(trF2)2

'c)’VLrgtrF4 D.=38 Dc_7 DL_6 D,
Y1_0 =1l v=1

=7 | D, =
Some F-term are in D < 10
%tstr(FY) ~ JdSB Tr(Wi)
a4t8(tr(F2))2 ~ Jdlze (Tr(Wgc))2

Gaugino superfield D(g Wy = (V™) ocp Frnne
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Constraints from supersymmetry: N =4 SYM

[5214(&)] — AD—4)L—4-2v, 32v1 tgtrF4 + AD—4L—4-2p, 528 tg(trF2)2

VL ftr D. =38 DC_7 DC_6 D.=1 | D. %
_
0%2PL g (trF?)? | D. =8 DC_7 D,

Some F-term are descendant of the Konishi operator tr(® - @) in D < 10

’tgtr(FY) ~ Jd169tr((D~CD)
Mg (tr(F?))?> ~ Jd“”e (tr(®@ - @))?

These operators are not protected from quantum corrections
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Constraints from supersymmetry: N =4 SYM

[914(1,3)] — AP=NL—4=2v1 2vi gyt | A(D—4L—4-2BL 32B0 4o (1 [2)2 J

L=1 L=2 L=3 L=4 L=5
OMitgte(FY) | D=8 |D.=7| D=6 | D=4 | D, =2
Y1=0|v2=1| v3=1] yva=1] ys=1
O Prtg(wF?)? [ D=8 | D=7 |D.=% | Do=6 | D, =%
Br1=0|Po=1] P3=2 ]| PBs=2| Ps=2

For L > 4 the UV divergence is dominated by the single trace term

single trace ~ AP~HE6 92ptr(F4)

double trace AP—HL=8 gt ((rF?)?

> N = 3 superspace explains the leading UV behaviour (iowe, sceiie)

> Conﬁrmed by amplltude computation [Bern, Dixon, Carrasco, Johansson,Roiban] and in
D = 5 by [Bern, Douglas, ...; to appear]
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Part 11

N = 8 SUGRA
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Behavior of supergravity amplitudes

! Jde\/—_gﬂz J

IS gravity __

2
2K(D)

v

The gravitational coupling constant has dimension [K%D)] = (length)P—2

v

At L-loop gravity amplitudes have the superficial UV behaviour

[9JE£D)] — A(D-2)L+2 J

\4

The 4-graviton amplitudes factorize an R* = stu MY term

[i]JEéD)] — AD-2)L—6-20) 52B) p4 J

v

Critical dimension for UV divergences is

6+ 2pY J

D>De=2+—
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The ultraviolet behaviour of N = 8 supergravity

» For L < 4 the UV behaviour is

[Green,Russo,Vanhove; Bern et al.; Elvang et al.; Bossard et al.]

[mtii)] ~ A\ (D—4)L—6 32L p4 2<L<4

The same as the one of N =4 SYM

> After 4-loop it is expected that only a 98R* is factorized for L > 4

Green, Russo, anhove; Vanhove; Green, Bjornsson

[gﬁé(t;DL)] ~ A(D—2)L—14 38 p4 L>4

worse than the one of N =4 SYM

> At five-loop order the 4-point amplitude in

o N =4 SYM divergences for 5 < 26/5 < D
o N = 8 SUGRA divergences for 24/5 < D
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Double copy and UV behaviour

The double copy conjecture by BCJ state that the 4 point amplitude in N = 4
SYM and N = 8 SUGRA are related in a simple way

L
Py 1 Y
0 = & Y |1 gop s s
VEFL i=1 T[ H
m>) 2L+2 LodPy 1 nyitY
4L Z H 27-[)D§1—I3L+1 :
’YGFL i—=1 J r=1 pr

Pierre Vanhove (IPhT & IHES)

Golm, September 11 2012



Double copy and UV behaviour

For large value of the loop momentum ¢; ~ A — 400 the amplitude behaves

D 2042 =2 1
?IAE,L) N gYIf\/T ADL—2(3L+1) ;00

=
(D) 2L+2 ADL—2(3L+1 2
My, ~ KA BLHD (n%2)2.

The N = 4 SYM leading UV behaviour is realized for numerator factor
satisfying

» In the simple trace sector

00 2L—4 (D) D—4)L—6
n, |single trace ™ A — QI4,L |single trace ~ A( )

» In the double trace sector

o0 2L—6 (D) D—4)L—8
n, |double trace ~ AN — m4,L |d0uble trace ~ /\( ) J
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Double copy and UV behaviour

For large value of the loop momentum ¢; ~ A — oo the amplitude behaves

91‘(&) - g%\;luz ADL—2(3L+1)n§/o
D _
ED?}LL) N K%g)rz ADPL 2(3L+1)(n;0)2.

This indicates that the leading UV behaviour of N' = 8 SUGRA is connected
to the UV behaviour of SYM in the double trace sector

v
|

fmi’? N ADL72(3L+1)(n00|d0uble tmce)z — A(D-2)L—14
—A2L—6
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Duality symmetry constraint on UV divergences

The UV behaviour can be derived by an application of the non-renormalisation
theorems implied by the action of the extended symmetries and the duality
group of N = 8 SUGRA in various dimensions

v

S = le Jde V=g (R+HE(0y RH+UPED) D*RHUPERD) DOR )

v

The coupling EE(I))())) are function of the scalar fields ¢’ in the coset

E,(n)(R)/K,. In string theory there are automorphic form invariant under the
action of E,(,,)(Z)

v

A UV divergence is a local counter-term cyy D*R* which is a part of the
constant term of the string theory automorphic form & 87)3]) with k = 2p + 3¢q

v
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Non-renormalisation theorems

FOI‘D 2 3 [Green, Russo, Vanhove

3(11—D)(D—8
<A(D)_ ( D—)(z )> €00) = 6mnsp
5(12—D)(D—7
<A(D)_ ( D—)(Z )> ey = 80C(2)8p_70
6(14 —D)(D—=6)\ (D) (D)
D 2
<A( R gy = —(Elgn)* + C3)8p60

» The eigenvalues vanish in the critical dimensions for UV divergence
D?R? interactions

8 for L =1
“l4+6/L for2<L<4
» This has been confirmed using various field theory supersymmetry
, wowel, and direct loop computation (zern, carrasco, nixon,
Joh ., roivan1, and continuous E7 arguments (eivang, xeirmaicr, sreedman et
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Part III

N =4 SUGRA
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Non-renormalisation theorems

We have seen that supersymmetry and dualities imply various non-
renormalisation theorems for higher dimension operators.

» Type II compactifications on a torus (N = 8 models) we had the [3,% =L
I'ule fOI’ L < 4 [Green, Russo, Vanhove; Berkovits]

5] = AP—HLe LR forL < 4

» Heterotic compactification (N = 4 models)
o R*isa %—BPS coupling 1-loop exact in perturbation in string theory

[Bachas, Kiritsis; Bachas, Fabre, Kiritsis, Obers, Vanhove; Tourkine, Vanhove]

Bl >2  forL>2

Similarly to N = 8 SUGRA these non-renormalisation theorems constraint the
UV behaviour of N = 4 supergravity

.
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Constructing N = 4 supergravity amplitudes

» The low-energy limit of superstring theory compactified on tori leads to
pure N = 8 supergravity.

» Obtaining pure N = 4 supergravity from string theory is more tricky:
generic string models have extra vector multiplets and there is no more a
unique way to obtain the N = 4 supergraviton multiplet

3 1 1
(201, §|4, 1, §|4/0|2)N:4 = (1ly, §|4/06)N:4 ® (1) n=0 J

» or the product of two N = 2 SYM gauge multiplets

3 1 1 1
(2|1,§|4, 1|6/§|410|2)N:4 = (1, §|2,2 X 0lt)n=2 ® (11, §|z,2 X 0lp)n=2 J
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Constructing N = 4 supergravity amplitudes

» String theory constructions lead to models that has pure N = 4 SUGRA
coupled to 0 < n,, vector multiplet in four dimensions

» The string theory moduli space is (with ' C SL(2, Z))

MSU(1,1,R)/U(1) x SO(6,n,, Z)\SO(6,n,,R)/SO(6) x SO(n,)

To get pure N = 4 supergravity we want to set n, = 0 and decouple the stringJ
modes.

The string theory effective action is given by

| ] ]
$=5 Jd4xe (R+ (S, SR + 5 ¢(5,5) R?)
4
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Constructing N = 4 supergravity amplitudes

» String theory constructions lead to models that has pure N = 4 SUGRA
coupled to 0 < n, vector multiplet in four dimensions

» The string theory moduli space is (with ' C SL(2, Z.))

MSU(1,1,R)/U(1) x SO(6,n,, Z)\SO(6,n,,R)/SO(6) x SO(n,) J

To get pure N = 4 supergravity we want to set n, = 0 and decouple the stringJ
modes.

» For (4,0) models the complex scalar S of the supergravity multiplet is in
the SU(1,1,IR)/U(1) factor

» For (2,2) models the scalar S parametrizes a
SU(1,1,R)/U(1) € SO(6,n,,R)/SO(6) x SO(n,)

» these models are non-perturbatively dual in string theory
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The predicted UV behaviour for N = 4 supergravity

Taking the limit of one- and two-loop four-graviton amplitudes in string the-

Ory (rourkine, vannove] Match the supergravity expression for the supergraviton
contribution obtained by (scrn - a1

, Dixon et al., Dunbar et al.
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The predicted UV behaviour for N = 4 supergravity

Taking the limit of one- and two-loop four-graviton amplitudes in string the-

Oy (rourkine, vannove; match the supergravity expression for the supergraviton
COl’ltI'iblltiOIl Obtained by [Bern et al., Dixon et al. Dunbar et al.]

v

We find that the string theory non-renormalisation theorem applies to the pure

N = 4 supergravity limit and the critical UV behaviour of the 4-graviton am-
plltude iS [Tourkine, Vanhove]

o
N = 4 non-renormalisation theorems for R* term 37 = 1 for L > 2

[glniD)] = A(D—Z)L—S aZ:R'-’l

forL > 2
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The predicted UV behaviour for N = 4 supergravity

Taking the limit of one- and two-loop four-graviton amplitudes in string the-

Ory (rourkine, vannove] Match the supergravity expression for the supergraviton
COl’ltI'iblltiOIl Obtained by [Bern et al., Dixon et al., Dunbar et al.]

v

We find that the string theory non-renormalisation theorem applies to the pure

N = 4 supergravity limit and the critical UV behaviour of the 4-graviton am-
plltude iS [Tourkine, Vanhove]

e

N = 4 non-renormalisation theorems for R* term p7 = 1 for L > 2

M) = AP-DL-8 24 forL > 2

» The absence of UV divergence in D = 4 at L = 3 was obtained from
direct field theory computation rze:rn, vavies, pennen, suang]
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The predicted UV behaviour for N = 4 supergravity

Taking the limit of one- and two-loop four-graviton amplitudes in string the-

Ory (rourkine, vannove] Match the supergravity expression for the supergraviton
COl’ltI'iblltiOIl Obtained by [Bern et al., Dixon et al., Dunbar et al.]

v

We find that the string theory non-renormalisation theorem applies to the pure

N = 4 supergravity limit and the critical UV behaviour of the 4-graviton am-
plltude iS [Tourkine, Vanhove]

e

N = 4 non-renormalisation theorems for R* term p7 = 1 for L > 2

M) = AP-DL-8 24 forL > 2

» The absence of UV divergence in D = 5 at L = 2 confirmed by direct
field theory computation (se.n, pavies, pemnen, muang (to appear) |
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Double copy and UV behaviour

The double copy conjecture procedure for the (4,0) construction instructs us
to build the N = 4 SUGRA amplitude from the product of numerators from
N =4 SYM and pure YM

L ~v
(D) 2142 & 1 nyln=aitY|ym
Em% = Kb Z JH )D S 1—[3L+1 :

'YGFL i=1

the N' = 4 supergravity UV behaviour

—2)L—8

(D) DL—2(3L+1) 00 ~00 D—2
EIR4,L ~A ( )l’ly IN=4 double tracell~, lym subleading = A(

is obtained from the subleading UV behaviour in pure YM and N =4 SYM

2042,
~ /A ;

() 00 2L,
n. lym leading n, lyar subleading ~ A
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Duality symmetries of N = 4 pure supergravity

> In (sossara, nowe, sceiie, vannover @ candidate 3-loop counter-term was
constructed using harmonic superspace

Jd“x J d?0(xx)?* = Jd“x e (R* + susy completion) J

» This term is unique at this order if the duality symmetry SU(1, 1) is exact
since we showed that the duality invariant supervolume vanishes

Jd“x J d'%0E(x,0) =0 }

» But there is no 3-loop divergences in D =4 (scvr = 21, tourkine, vanhove

» It could be the off-shell properties of N = 4 supergravity coupled to 6
vector multiplets make this coupling a protected F-term
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Duality symmetries of N = 4 pure supergravity

N = 4 supergravity is special because of the U(1) R-symmetry anomalyJ

[Marcus].

general functions of the axion-dilaton § € SU(1,1)/U(1) are allowed for the

Therefore the SU(1, 1) duality symmetry is broken in perturbation and more
coefficient of the counter-term to the effective action J

Jd4de166E(x, 0)A(S) = Jd“xeg(S, $) R* + susy completion

In string theory g(S, S) is an modular form invariance under I' C SL(2, Z.) J

» The absence of three loop divergences shows that Agg(S,S) # 0 where
AS = 4(’JmS)26353
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» Using string theory we have put constraints on the possible
counter-terms for UV divergences of four gravitons amplitudes in N = 4
and N = 8 supergravity

» Absence of UV divergences is explained by fermionic zero mode
saturation, which is a manifestation of supersymmetry

» In the gravity sector N = 4 amplitudes are the same in the (4,0) and
(2,2) construction: could be good to be tested from the double copy
construction

» At the quantum level N = 4 supergravity is ambiguous because of the
anomaly. The ambiguity is seen in the coupling with the scalar fields
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